Math 2450: Limits and Continuity

What is a limit of a function of two variables? Before considering a function of two variables,
let’s think back to Calculus I, when we learned how to take limits of one variable functions. Recall
that:

lim f(zr)=L if lim f(zx)=L AND lim f(z)=1L
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In other words, lim f(z) = L provided f(x) approaches L as the value of x approaches a from the
Tr—a
left and right hand sides.

Similarly, to show a limit of a two variable function exists, the function f(x,y) must be approaching
the same value, L, regardless of the path we take toward the point (zg,yo).
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Example 1. lim oLty
(z,y)—(1,1) T—Y
Let’s first try direct substitution and plug in the point (1,1) for (x,y):
, 22 — 2zy + y? _ 2-2()(1)+12 0
lim ——2 = lim = —
(@y)=>(1D) Ty ()= (1,1) I—1 0
In this case, we have a result that is undefined (since we have a denominator of 0). Thinking back
to our strategies for solving limits of one variable functions (using conjugates and factoring), we
see that we can factor the numerator of our function:
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(zy)—(1,1) T—yY (z,y)—(1,1) -y (zy)—(1,1)

What if the limit does not exist? Remember that f(z,y) must approach the value L no matter
the path taken for (z,y) — (z0,y0). That means that (z,y) can approach (xg,yo) along any curve
that passes through (zg,yo). Therefore, if there exists any path (or curve) within the domain of f

where lim f(z,y) # L, then the limit does not exist.
(z,y)—(z0,y0)

Example 2. Determine whether or not the limit exists. If the limit does exist, state the value of
the limit.
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li =7
(2)(0.0) 74 + 3yt

Using direct substitution, we get the undefined expression %. Unfortunately factoring is no help
either. Does the limit exist? Maybe not. Let’s test some different paths that (z,y) — (xo,yo0):

x— axis: We will substitute y = 0 in the function and take the limit as & approaches 0:
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It is possible that  lim Y
(z,y)—(0,0) zt + 3y4

origin along the line y = =7

= 0. But let’s check another path, what if we approach the



Line y = x: We will substitute y = = in the function and take the limit as x approaches 0:
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Because we got a different value from the previous pathway, the limit does not exist!

Note: Once we choose a path and have a limit in 1 variable, we may solve the limit as in Calc I
(e.g. reduce / direct substitution / L’Hospital).
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xNote: We also could have checked the pathways along y = 22, = = y?, y = 2°, and so on. There
is no general rule for how many pathways to check before declaring a limit does not exist and,
therefore, it may take a little work to show.

Limits Rules
Similar to limits of one variable functions, limits of two variable functions satisfy the scalar
multiple, sum, product, and quotient rule.

What is continuity? The function f(z,y) is continuous at the point (xg,yo) if and only if

1. f(zo,y0) is defined

2. lim  f(x,y) exists
(x’y)*)(x()yyo)

3. lim  f(z,y) = f(x0, v0)
(z,y)—(x0,y0)

Recall Example 1, when we used direct substitution and got the undefined expression %. According
a:2—2:cy+y2

+oy — is discontinuous at (0,0). There is a "hole” in

to the definition of continuity, f(x,y) =
the surface of f(x,y) at (0,0).

Practice Problems
Determine if the limits exist or not. If they do exist, give the value of the limit. Are the functions

continuous at (0,0)?
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1. lim _—
(2,)—(0,0) 2 + 32 + 2

[Solution: 5, Continuous at (0,0)]

. x? + Tay + 122
2. lim
(x,y)—(0,0) x+ 3y

[Solution: 0, Discontinuous at (0, 0) since f(0,0) is undefined]
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3. im —7
(2,y)—(0,0) o4 + y?

[Solution: Does not exist (check along y = z and y = x?), Discontinuous at (0, 0)]



